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DeGroot Dynamics

- (& = (V, E) — undirected locally finite graph
- Agents are vertices

- A € R" —opinions at time

- Ay —initial opinions

- updating rule:

- P:RY > IRV

(PAYY) =

2 A(v)

deg(v)



Timing

- Synchronous:
[ = 0,1,2,..., At-l—l — PAI

- Asynchronous:
Hd Poisson clocks on vertices

(PA,_)(v) vrings attime
At(\/) — A .
—(v) otherwise



Known facts (synchronous timing)

_ Finite graph: 4 lim A, . Furthermore,

N D mAY)

G non-bipartite = IIm A, =
[— 0

- Infinite graph, bounded degree, bounded iid initial

opinions, expectation

Vv lim A/(v) = p, almost surely.

[— OO



DGR results (asynchronous timing)
- Finite graph. There exists ar.v. C s.t.

Vv lim A(v) = C, almost surely.

[— 0
- Further, iid Initial opinions variance 02, then

Var(C) = @(ﬂmaxcfz) .
- Infinite graph. Bounded degree, iid initial
opinions, finite variance, then

Vv  lim A/(v) = u, in probability.

[— OO



DRY results (asynchronous timing)

- Infinite graph. Bounded degree, bounded iid
Initial opinions.
Vv  lim A/(v) = u, almost surely.

[— OO
- Finite graph. Consensus convergence rate.

t. :=minyt : Vv,w A(v) —A(w) < €},
4 . diam(G) - | E| - [log,(1/€)],

Elz.] < log(2 | E| /62)/ spectral — gap(G),
O geacy102°(1 V1)) .



Convergence to consensus in finite graphs

- Dirichlet energy:

@A) =32 E| 2, (AW —AW)? = (U = P)A,A),
vywek

&(A) \\ 0, max(A,(v)) \ C.

- More elaborate arguments provide the rate of
convergence.



Consensus variance — finite graphs

- Consider i, := (A1) _, martingale, 1, — C,
Var(u,) — Var(C).

E[(y o — u)* | F 1 = h ) m2(PA(Y) — A1) + O(h?)

-h| (I = P)A| ]y + OR?)
E[EA) = 8A,) | F 1+ O,

Var(u,) = Var(ug) + iy, (E[E(A)] — ELIEA)]) — (Z T2+ Ty



Backward looking approach — fragmentation

Fix o € V. Let X, be RW on G originating at o.

F — the o-algebra generated by clock rings.
m(v) .= PX =v|F).
Observation:

Af0) ~ ) m(MAW).

m, A, independent.



Convergence in probability — infinite graphs

_ Var(A(0)) = ) E[(m(v))*]o?

- Proposition.

zv‘, E[(m,(v))*] = O (def/(f) )




Proof of the proposition

- X!, X* two RWs originating at 0, same Poisson
cloaks, iIndependent trajectories.

- Observation. E[m,(v)*] = P(X! = X* = v).
QL Elm)’ 1 =PX/! = X)) =2



Proof of the proposition

- )Afl )22 — resp. (Independent) trajectories
- N(1), N5(t)— resp Poisson jumps

_ le., Xt) = N(t)



Proof of the proposition

(th — Xzz) —
YN P, < X'py < RN = ny, Ny() = ny)

n peC, n+n,=n

=) ) ) P, <X"P(p;' <X?

n peC, n+n,=n

P(N,(1) = nj, Ny(1) = my | p,, < X', pt < XP)

=) ). D, P, <XHP(p! < X?)

n peC, n+n,=n

P(N,(t) = n;, No(t) = n, |p < XL, p~! < X?)




Proof of the proposition

e = Z Z Z L (pn1 <)A(1)L

n peC, n+n,=n

(P! < X%)

P(Ni(t) = ni, N,(H) = ny [ p < XI,P_I < )A(z)

deg(G) A
= Z 2 2 deegg(a) ' (p <X1)

n peC, n+n,=n

_ deg(G)
- deg(o)

n peC,

P(N,(¢) = ny, N5(1) = ny | p < Xl,l?_l < )A(z)

ZZL(p<)A(1)

P(N,(t) + No(t) = n|p < X', p~! < X?)



Proof of the proposition

=YY P, < XHP(p;! < XY

n peC, n+n,=n

P(Ni(t) = ni, N,(H) = ny [ p < XI,P_I < Xz)

deg(G) A
= Z Z 2 dzgg(a) ' (p <X1)

n peC, n+n,=n A A
P(N,(t) = n;,N,(t) = n, |p < X', p~! < X?)
e (v)
deg(o) T eC

P(N,(t) + No(t) = n|p < X', p~! < X?)




Proof of the proposition

=YY P, < XHP(p;! < XY

n peC, n+n,=n

deg(G) A
= Z Z Z deegg(a) | (p <X1)

n peC, n+n,=n

~ deg(G) =
__deg(0) Z

(N +N,(H) =n|p<X',p~ 1 <X

(N>) — nlaNz(t) — nz‘p < Xlap_l < XZ)

P(Ni(t) = ni, N,(H) = ny [ p < Xl,l?_l < )22)



